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There are exactly 16 non-isomorphic Steiner systems S(2,4, 25) with nontrivial automorph- 
ism group. It is interesting to note that each of these designs has an automorphism of order 3. 
These 16 designs are presented along with their groups and other invariants. In particular, we 
determine and tabulate substructures for each of the sixteen designs inciuding Fano subplanes, 
ovals, complete 5-arcs, parallel classes and near-resolutions. One design has three mutually 
orthogonal near-resolutions and this leads to an (already known) elliptic semiplane. The 
sixteen designs are discriminated by means of the substructures mentioned above. Although 
not tabulated in this paper, we did compute the b&k-graph invariants which also discriminate 
the sixteen designs. 
1. Introduction 
A Steiner system S(t, k, v) is an ordered pair (X, B) where X is a u-set of 
points and B a collection of k-subsets of X, called hbcks, such that any r-subset 
of X appears exactly once among the blocks in B. For details and basic facts on 
Steiner systems and t-designs see [2, 91, or [15]. 
If H is a group of automorphisms of a t-design (X, B) let Xi, X,, . . . , X, be 
the point-orbits and Oi, O,, . . . , 0, be the black-orbits of H. We define the 
tactical decomposition of (X, B) with respect to H to be the m X n matrix 
T,=(Q) where tii = IXi C-I B/ with BE Oj. When o is an automorphism of the 
design (X, B) we let T, be the tactical decomposition of the design with respect to 
the cyclic group generated by cr. For a more general and detaiied treatment of 
tactical decompositions ee [2]. 
Let r be the number of blocks passing through any given point of X and iE = & 
the number of blocks passing through any pair of points of X. If A = (aji) denotes 
any point-block incidence matrix of (X, B), then easily 
AAT=iSJ+(r-A)f, AJ=rJ 
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where I, J are the identity and all ones matrices. We immediately get: 
where r;: = JXJ, sj = ]G’j] and 1 s I, j +Z m, i +j, 
The block-intersection graph of the design (X, B) is the graph whose vertices 
are the blocks of B, where two blocks B1 and Bz are adjacent whenever 
Br fl Bz f 8. For a given vertex V, let nj be the number of pairs of it, ii different 
from II such that exactly j other vertices are SimuItaneously adjacent to V, 8, ii. 
The matrix of row vectors (- - . , nj, * * *) one for each representative v of a block 
orbit under the full automorphism group G of (X, B) is the block-graph invariant 
of (X, B). The block-graph invariant of a design is also related to the so called 
4-vertex condition {see [ll]). When (X, B) is a Steiner Z-design, the block- 
intersection graph is strongly regular (see 141). The block-graph invariant 
provided a di~riminant during early stages of our study of S(2,4,25)‘s. 
Subsequently, we investigated substructures which had more interpretive value 
than block-graph invariants, and these substructure properties also discriminate 
the 16 known 5(2,4,213’s Thus for each design we tabulate substructure data 
but we do not present the block-invariants. 
2. Sfruc~re of automo~hisms and other facts 
In this section we develop some of the structural properties of automorphisms 
of S(2,4,25)‘s. We denote by G the full automorphism group of an S(2,4,2.5). 
The following theorem was proved in [12]. 
~~~o~~rn 2.f. Let p be a prime dividing the order of the fat1 u~to~or~~~~ group 
G of an S(2,4,25). Then, p = 2, 3, 5 or 7. further, if a E G has order p and 
(i) p = 3, then afixes 1 or 4 points; 
(ii} p = 5, then a fixes no points; 
(iii) p = 7, then CrJixes 4 points. 
We presentiy establish the follo~~g: 
Theorem 2.2. Let a be an ~~to~orph~~ of an S(2,4, 25) where a has order 2. 
Then, @@es 1 or 5 points. 
Proof, Let B be the 50 blocks of an S(2,4,25) on the set X = F W Y, with 
Y 17 F = 0, where F is the set of fixed points of E. Let Bi = (B E B: ]B fl F] = i), 
0 < i 6 4, and set b, = ]Bi]* Let f = IF] and f = bq. Clearly f is odd and b3 = 0. Let 
6; be the number of fixed blocks in BO and set bg = bn - b& We will argue that 
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the possible values for our parameters are given in the following table: 
b, f ba’ b,” b, b, b, 
t f ((25;;1)/4) ((3f’ - ‘ye; 175)/4) f ‘;;;I (f (f -1),‘2) 
-6t 0 
0 1 6 36 a 0 0 
0 5 0 20 20 10 0 
15 3 14 28 4 0 
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Now, any block in B2 is uniquely determined by a pair of points of F which are 
not covered by a block in Bq, so we easily get the formula for 6,. We call a pair 
of points of X appearing in a Z-cycle of (Y a pure pair. Note that each block of B2 
uses a unique pure pair. The blocks in B. that are fixed by cy are formed by 
pairing-off the pure pairs which are not covered by Bz. An easy count yields the 
formula for b& Observe that the number of fixed blocks b4 + b2 + b,!, = (f - 
1)‘/4 + 2(3 - 1) must be even and hence f = 1 (mod 4). To cover pairs of points in 
Y we have that bz -t- 3bI + 6bh + 6bg = (““Zf) and since b, + bz + bl + b,!, + b;l= 
50, we easily get the formulas for b, and b$. Now 0 6 6; and 0 c bg easily gives 
2(f* - 25) < 24t s 3f2 - 34f + 175, and then 0 s (f - 25)(f - 9). But ac has order 
2 so f # 2.5 and if f = 9 then bAb,b;i < 0. Hence, f = 1, or 5 and the possible values 
for t complete our table. 0 
An S(2,4,25) with automorphism group of order 150 was constructed by R.C. 
Bose in 1939. In 1980 three 5(2,4, 25)‘s with automorphism groups of orders 504, 
63 and 21 respectively were constructed by A.E. Brouwer (unpublished) and 
independently by V.D. Tonchev (also unpublished). The four designs just 
mentioned appear listed in [4]. Brouwer and Tonchev show the following: 
Theorem 2.3. There are exactly 3 non-isomorphic Steiner systems S(2, 4,25) 
having an automorphism of order 7 and exactly one with an automorphism of 
order 5. The orders of G are 504, 63, 21 and 150 respectively. 
It was shown in 193 that 33 cannot divide the order of the automorphism group 
G of an S(2, 4, 25) and that there are exactly five S(2, 4, 25)‘s with 9 dividing the 
order of G. It was also shown that when 9 divides the order of G, a 3-Sylow 
subgroup of G is elementary abelian. An S(2, 4, 25) with lG1 = 9 was announced 
by H. Gropp [S] but all eight of the designs mentioned above were constructed by 
L.P. and A.Y. Petrenyuk [16, 171, by means of transformations on an initial 
S(2, 4, 25). We briefly discuss these methods in Section 6. 
In what follows we obtain 8 new S(2, 4, 25)‘s each admitting a full automorph- 
ism group of order 3, and we establish that there are no new S(2, 4, 25)‘s in case 
2 divides 1Gf. Thus, there are altogether sixteen nonisomo~hic S(2, 4, 25)‘s with 
nontrivial automorphism group. 
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3. Automorphism of order 3 and tactical decompositions 
From Theorem 2.1 we see that an automorphism of order 3 fixes either 1 or 4 
points. In what follows, when the automorphism fixes 1 point we denote it by (Y, 
when it fixes 4 points by /3. Unfortunately these elements (Y and /3 are not the cy, 
/3 used in [12]. We have chosen to present Designs 1 to 8 in exactly the same form 
and order as in [12]. To alleviate notational problems in this paper we denote by 
&, 6 the automorphisms (Y, p in [ll]. Thus Design 1 has automorphism 
&$ = (15 9)(2 6 7)(3 4 8)(10 14 18)(1115 16)(12 13 17)(19 20 21)(22 23 24)(25) 
which is conjugate to LY in our present work. An isomorphic copy of Design 1 
arises from Case A and has the fixed blocks {I, 5, 9, 251, 
(2, 6, 7, 25}, . . . , (22, 23, 24, 25) in our presentation. 
First we consider the automorphism 
(Y = (12 3)(4 5 6)(7 8 9)(10 11 12)(13 14 15)(16 17 18)(19 20 21)(22 23 24)(25). 
Let Xi = (1, 2, 3}, X, = (4, 5, 6}, . . . , X8 = (22, 23, 24) be the point-orbits of X 
determined by the 3-cycles in (Y. Let Oj be an orbit of blocks in B. Then, ]O,l = 1, 
or 3. Note that IOjl = 1 if and only if Oj = {Xi U (25)) for some i E {1,2, . . . , S}. 
Our basic strategy is to construct all possible tactical decompositions correspond- 
ing to IX and then determine whether any of these tactical decompositions leads to 
an S(2, 4, 25). In general, when we display T, we will omit the rows and columns 
corresponding to fixed points and fixed blocks. 
Now, any element of X appears exactly 8 times amongst the blocks B so that a 
must fix 8, 5, or 2 blocks. This yields three cases to be considered. 
Case A. LX fixes 8 blocks. 
Clearly a tactical decomposition T, has 8 columns with entries a single 3 and 
seven 0’s. The remaining portion of T, is an 8 by 14 matrix of O’s and l’s with row 
sums of 7, column sums of 4 and since each pair from X appears exactly once 
among the blocks of B, the inner products of distinct rows of T, are all 3. Hence, 
the tactical decompositions in this case correspond to 2 - (8,4,3) designs. There 
are exactly 4 such nonisomorphic designs which we label AI, AZ, A3, Ad. In 
Table 1 we list A3 and A4 since S(2, 4, 25)‘s arise only from these cases. 
Case B. cy fixes 5 blocks. 
We can assume that the 5 fixed blocks are Xi U {25}, 4~ is 8 and that the 
remaining orbit of blocks containing the point 25 is generated by the block 
{ 1,4,7,25}. The remaining 14 columns of our tactical decomposition consists of 3 
columns with one 2 in rows 1, 2, 3 respectively and 11 columns with exactly four 
1’s. In Table 1 we present the 8 by 15 portion of some tactical decompositions 
corresponding to the orbits of length 3. Note that inner products between distinct 
rows must again all be equal to 3. There are 8 nonisomorphic tactical 
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Table 1 
Some Tactical Decompositions for Automorphisms a and /J of Order 3 
Aa 
0ocmoo1111111 
0001111oooo111 
11~~1~1011 
0110110011ofm 
1011010~01~10 
11010100101100 
101010111~1~ 
01011011011ooo 
c-l 
-1111111 
ooooO1111oooO111 
~~1~120111~ 
1001101102ooooo1 
1011011~2010 
0101111oooo20100 
01110101~2~1 
01201c@o11ooo110 
%? 
~1111111 
m1111oooo111 
1~1~1~111~ 
1002001101001001 
102~11~11010 
010121coooo10011 
0110101012ooM00 
0111010100200100 
Dl 
~~~111~11 
ooo11110000111 
0110011~11~1 
1ooo1111101ooo 
1011~1011~10 
110l1oocm1100 
11100101coo110 
36 Gl 
10~111112 ~1111111 
1oooo1112ooo110 ooooo1111m111 ooooO1111oMx)lll 
~0112~1~~010 1~1~120111~ 1~~1~2~11~1 
001101100110010 1002001101001cn1 1010100200101010 
01~101101101~ 102~1010~01~10 1011~~1~11~ 
01010111cGo1001 010112cooo11ml 0101110102oomo1 
011011~101~1 011010~i01010 0110111~2~10 
0111oooo1101100 01111ooo11ooo200 0111010010200100 
E6 
~10101~~111 
100100100110011 
1~1~11010101 
101001011201ooo 
010110101012~ 
011010100100210 
011~1~101~11 
ET 
~10101~1111 
100001100110011 
1~11~1010101 
10101cm0201100 
011~1011021000 
011010101000120 
010100101101001 
decompositions but we list only B,, &, and B6 because only these give rise to 
designs. 
Case C. cy fixes 2 blocks. 
Here we can assume that the fixed blocks are { 1,2,3,25}, (4,5,6,25} and 
that the design contains the orbits generated by {7,10,13,25} and 
{ 16,19,22,25}. It easily follows that the tactical decompositions have a single 2 
in each of rows 3, 4, 6, 7, 8. In Table 1 we list 10 out of a total number of 91 
tactical decompositions again presenting only the 8 by I6 portion related to the 
orbits of length 3. 
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We now consider the automorphism 
@ = (12 3)(4 5 6)(7 8 9)(10 1112)(13 14 15)(X 17 18)(19 20 21)(22)(23)(24)(25), 
fixing 4 points of X. Let X1 = (1, 2, 3}, . . . , X7 = { 19,20,21). Since each point 
appears in exactly 8 blocks it is clear that the number of fixed blocks through each 
of 22, 23, 24, or 25 must be congruent to 2 modulo 3. It is easily seen that we 
must consider exactly two cases. 
Case I). fl fixes 8 blocks. 
Since the blocks fixed by /3 are unions of point-orbits of the group (@), it is 
clear that the fixed blocks are {22,23,24,25), { 19,20,21,25), { 16,17,18,25}, 
{13,14,1.5,25), (10, 11,12,25f, (7,8,9,24), {4, .5,6,23}, and {1,2,3,22). 
Exactly two tactical decompositions D1 , D2 arise here and are given in Table 1. 
Case E. j3 fixes 5 blocks. 
Without loss of generality the five fixed blocks can be chosen to be 
{22,23,24,25), {19,20,21,25}, {7,8,9,24), (4,5,6,23), (1,2,3,22). Exactly 
9 tactical decompositions arise in this case. In Table 1 we list the four tactical 
decom~sitions E3, E4, Ebr and E7 which produce S(2, 4, 25)‘s. 
Table 2 
Some Tactical Decompositions far Aatomorp~~ms r and 6 of Order 2 
Jb.1 BI Cl DI, 
10~11~111 1~111111 1~~1111~1 ~~1111111 
1~11111~1 1~11111~~ 1~~11111~1 ~~~11110~11 
10ooooO1111oooo1MxK)10 1oooooo1111oooo1oooo10 1ocI@No11110ooo10ooo10 00ooo111000110001100 
oloooolooolooolloolloa 010000000110011ooo1100 01oGllooO011OO11OOO1100 00001011011000110000 
01~1~1011~1~1~ 01~101~1111~ ~1~1010101011~ 1~~000110~1101~00 
01~1~11~1~1~1 01~1~~11~110 ~1~11~~~1~101~ 1~111~~1000~010~ 
0010011101oQO110 001001101010110 01c!Oo11011011000000000 10100100010101100000 
00101100101ooOoo100100 0010101101oMxHMo11aoo 0010101101000000100100 01010110100000100010 
~10101~11~11~ ~111~101~101~ ~111~1~10~01~0 01101010~011000001 
000~~~10~01~~~~0 ~~0~~~~~1~~10 ~~~01~i~101~~0 0111~~1~~~2~0 
~1~111~1~101 ~10101~11~1~1 01~11010~~~011 
QOo10101oooo10011010 COollaoolloooloolOo@x 00100110001c!5Oo1001001 
DlQ D21 .Ei 
~111~11~ ~1111~11 ~1~1~1~11~1 
QooMJowlllllooooOll oooMxxx)11111Mxwx)Il cO.xI1ooo0100100110011 
0~111~11~11~ ~111~11~11~ ~1~1~1~10~0101 
~101~011~11~ ~1011011~11~ ~~~1~1~1101~1 
1001ooo11ooo1101oooo 1001ooo11Mx11101oooo 1001ooo1Do1010110 
100111o@lo1oGIxxx101 100111oocKJ1oooooo101 lOaOlloOOlOOOlloooloo 
101~11~1~1~10 101~11~1~1~10 101~10101~11~ 
0101010011ooa)101ooo 01011~10101~1~ 01~10101~1~11~ 
011010011oooooMxl110 011010011oooooooo110 011GOo1ooo11ooo1ooo10 
011100l00001ooo1MX)l 0111001oGv9o101oooo1 OlOlOloolooolOOOOOlrO 
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4. Solutions to tactical decompositions 
Consider the tactical decomposition A+ In order for A4 to actually give rise to 
an S(2, 4, 25) for each column j of A4 we need to select elements of a block B so 
that IB tl Xi1 = tij, 1 s i s 8. Each such choice for 1 ~j s 14 will generate orbits 
Oj, 1 <j s 14. Furthermore, for the S(2, 4, 25) to exist each pair from X must be 
covered exactly once. A fairly fast algorithm run on a Mac+ microcomputer took 
about 1 minute to find all solutions for a given tactical decomposition. 
A fast graph-isomorphism program, written by Brendan McKay was used to sift 
isomorphic designs. The public domain program, written in C, computes, among 
other invariants, generators for the automorphism group of the graph, a canonical 
form for the graph, and a hash code for this canonical form. Given a design 
D = (X, B) we construct a graph with vertex set X U B where ul, v2 E X U B 
are adjacent if vr E X, vz E B and v1 is incident with v2. Clearly two designs 
D1, D2 are isomorphic if and only if their graphs are isomorphic and this can 
be checked by means of the hash codes computed for the graphs. A similar 
algorithm is used to sift out isomorphic tactical decompositions. In many 
cases there are no solutions and in some cases more than one nonisomorphic 
design arises from a single tactical decomposition. For the S(2,4,25)‘s with an 
automorphism group of order 9, since conjugates of both (Y and /3 are present in 
the elementary abelian G, the S(2, 4, 25)‘s naturally arise from more than one 
tactical decomposition. 
Occurrences of solutions are listed in Table 3. Note that all eight previously 
known S(2, 4, 25)‘s were rediscovered along with the 8 new S(2, 4, 25)‘s with 
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r 
Design 1 Design 2 Design 3 Design 4 Design 5 Design 6 Design 7 Design 8 
12 319 12 319 12 319 12 319 12 319 12 625 12 414 12 425 
1 41011 14 722 14 722 14 722 1 4 1015 131119 13 713 13 811 
15 925 15 925 15 925 15 925 15 925 1 41417 15 611 15 924 
161422 161011 161011 1 61014 1 61122 1 51024 1 815 25 16 715 
1 71617 1 81718 1 81718 1 81217 1 71216 17812 1 91722 11013 17 
1 812 23 1121424 1121323 Ill1321 I 81823 1 91618 1101923 112 1921 
1131820 1131620 1141620 1152024 1131720 113 15 23 11216 24 114 18 22 
1152124 115 2123 115 2124 1161823 114 2124 1202122 11820 21 1162023 
2 415 23 a 41112 2 4 1112 2 41115 2 41223 2 3 721 2358 2 31419 
2 51112 2 5 823 2 5823 2 5 823 2 51113 2 4 1220 2 6 712 2 5 816 
2 6 725 26 726 2 6 725 2 6 725 2 6 725 2 51518 2 91625 2 6 912 
2 81718 2 91618 2 91618 2 91018 2 8 1017 2 8 913 2 101822 2 71823 
2 91024 2101522 2 1014 24 212 1421 2 91624 210 1719 2 112023 2 101122 
2132122 2 13 2124 2 13 2122 2 13 2022 2141820 2 1114 24 2 131724 2 1315 20 
21416 20 2 141720 2 15 1720 2 161724 215 2122 2162223 2 151921 2172124 
34825 34 825 34 825 3 4 825 34 825 3 4822 3469 3 41015 
3 51324 s 51012 3 51012 3 51213 3 51024 3 51316 3101725 3 5 713 
3 61012 S 6 924 3 6 924 3 6924 3 61214 3 6 1320 3 1119 22 3 62125 
3 71122 9 71617 3 71617 3 71116 3 7 1722 3 91014 312 212s 3 91622 
3 91618 3 1113 23 31115 22 3 1015 21 3 91118 3 1215 25 3 141824 3 121723 
3142123 314 2122 3131820 3142023 3132123 3172324 3 15 1620 3182024 
3151720 31518 20 3 14 2123 3 171822 3151620 4 5 923 4 5 710 4 5L120 
4 5 620 45620 4 5 620 4 5 620 4 5 620 4 61015 4 81924 4 6 814 
4 71314 4 91314 4 91314 4 91317 4 71318 4 71619 4 111825 4 71621 
4 9 1722 4101621 4 101721 41012 23 4 91422 4111321 4122022 4 917 18 
412 1621 4151724 4151623 41416 19 4111621 4182425 4 131523 412 1324 
4 181924 4 181923 4 1819 24 4 182124 4171924 5 6 711 4161721 4 192223 
5 71823 5 71415 5 71415 5 71418 5 71523 5 81720 5 s2024 5 61722 
5 81415 5111721 5111821 5 101124 5 81416 5 121422 5 121925 5102123 
5101721 6 131822 5 13 17 24 5 15 1719 5121721 5192125 5 132122 5 12 14 15 
5 1619 22 5 161924 5 161922 5 16 2122 5 1819 22 6 81624 5 1416 23 518 1925 
6 81624 6 81315 6 81315 6 815 I6 6 81324 6 91922 5 15 171s 6 101920 
6 91315 6121821 612 1621 6 1112 22 6 9 1517 6 12 1317 6 81723 6 1123 24 
6111821 61416 23 6 141822 613 1819 6 1018 21 6 14 2123 6 10 2124 6 1316 18 
6 171923 6171922 6171923 6172123 6161923 7 91725 6132025 7 81924 
78 921 78 921 78921 78 921 78 921 7102023 6 1415 22 7 9 1025 
71016 19 7 101319 71018 23 7 101720 710 1419 7 1314 18 6 1618 19 7111417 
712 20 24 7 1118 24 7111319 7121924 7 112024 715 22 24 7 8 1622 7 122022 
8102022 7122023 7122024 713152s 8111519 8 101821 7 91823 8 91523 
8 111319 8102024 8102022 8 101922 812 2022 8 112325 71115 24 8 10 12 18 
9 112023 8 111419 8 111624 8 1118 20 9102023 8 1415 19 714 2125 8132122 
912 1419 8121622 812 1419 8131424 9121319 QlL1520 7171920 8172025 
101316 23 9101723 9 1015 19 9 111923 101112 25 9 12 2124 8 91121 9 1113 10 
1014 1825 9 1120 22 9112023 9 12 1620 1013 1622 101112 16 8101420 9142021 
11141724 9 1215 19 912 1722 9 141522 1114 1723 10132225 8 12 1318 1014 16 24 
1115 1625 10141825 10 L-31625 LO131625 12151824 11171822 9 10 12 15 11121625 
12 13 1725 1115 16 25 11141725 1114 1725 13 14 15 25 12 1819 23 9 13 14 19 1115 1821 
1215 18 22 121317 25 1215 18 25 12 151825 16 17 1825 13 192024 LO 1113 16 13 1423 25 
t9202125 19202125 19202125 19202125 19202125 141620 25 1112 14 17 15 161719 
12 2324 26 22 23 2425 22 2324 25 22232425 222324 25 15161721 22 232425 15 22 24 25 
automo~h~sm group of order exactly 3. All 16 designs are listed in Tables 
and 5. 
I 
Table 4 
S(2,4,25)’ rith 1 G ) 3 
5. Automorphisms of order 2 and their tactical decompositions 
4 
From Theorem 2.2 an automorphism of order 2 fixes 1 or 5 points. First 
consider the automorphism fixing a single point: 
y = (12)(3 4)(5 6)(7 8)(9 10)(11 12)(13 14)(15 16)(17 I@(19 20)(2122)(23 24)(25). 
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Table 5 
LIesign 9 Design 10 
12 325 12 325 
1 41624 1 42024 
1 51221 1 51123 
1 61322 1 61421 
1 71415 1 71517 
1 81718 1 81216 
1 91920 1 91322 
1101123 11018 19 
2 414 23 2 41519 
2 5 1122 2 52122 
2 61019 2 61224 
2 72021 2 714 23 
2 81315 2 8 1318 
2 91618 2 91017 
2 1112 24 2 1116 20 
3 41120 3 41022 
3 51524 3 5 1320 
3 61823 3 61923 
3 71617 3 71118 
3 81921 3 815 24 
3 91314 3 91416 
3 101222 3121721 
4 5 625 4 5 625 
4 71219 4 716 21 
48 922 4 8 923 
4 1015 18 41112 13 
4 13 1721 4 141718 
57923 5 7 924 
5 81020 5 81719 
5 1113 16 5 1012 14 
5 1418 19 5 15 1618 
6 7 824 6 7822 
6 91121 6 91820 
6 12 14 17 6101115 
61516 20 6 13 1617 
7101325 7 101325 
7 111822 712 1920 
8 1114 25 81020 21 
81216 23 81114 25 
9101724 9 1119 21 
91215 25 91215 25 
1014 16 21 1016 23 24 
1115 17 19 111722 24 
12 1318 20 1218 22 23 
1319 2324 13 14 19 24 
14202224 1315 2123 
15 2122 23 1415 2022 
L6192225 16192225 
172023 25 17202325 
182124 25 182124 25 
‘1 ‘he S(2.4.25\‘s with 1 G 1 = 3 
Design 11 
\I, I 
Design 12 
8 
Design 13 Design 14 Design 15 Design 16 
12 325 12 325 12 325 12 325 12 322 12 322 
1 41920 1 42022 1 41623 1 41823 1 41324 1 41324 
1 51123 1 51018 15 721 15 719 1 5 1721 1 51620 
1 6 1314 1 61517 1 61214 1 61214 16 820 16 819 
1 71518 1 71214 1 81018 1 81524 1 71125 1 71718 
1 81024 1 81316 1 91322 1 91116 1 91618 1 91025 
1 91621 1 92324 1112024 1102022 1101415 11114 15 
112 17 22 1111921 1151719 1131721 112 1923 112 2123 
2 4 1415 2 4 1318 2 41015 2 4 1015 2 4 921 2 4 920 
2 5 2021 2 52123 2 51724 2 5 1624 2 51424 2 51424 
2 61224 2 61116 2 6 819 2 6 820 2 61819 2 61721 
2 71719 2 72224 2 71423 2 71217 2 71617 2 71125 
2 81316 2 81016 2 91116 2 91322 2 81225 2 8 1618 
2 91122 2 91417 2 12 2122 2 112123 210 2023 2 1019 23 
2 1018 23 2121920 2 131820 2 14 18 19 2 111315 2 12 1315 
3 41022 3 41217 3 4 920 3 4 921 3 41620 3 4 1819 
3 5 1315 3 5 1416 3 51113 3 5 1113 3 5 719 3 5 721 
3 61921 3 61924 3 61822 3 61722 3 615 24 3 615 24 
3 712 23 3 71518 3 71217 3 71423 3 81718 3 81225 
3 81820 3 82223 3 815 24 3 8 1018 3 91025 3 91617 
3 91417 3 9 1113 3 101923 3121924 3112123 3 10 13 14 
3 111624 3 102021 314 1621 3 15 1620 3 121.3 14 3 112025 
4 5 625 4 5 625 4 5 625 4 5 625 4 5 623 4 5 62? 
4 71121 4 71123 4 72224 4 72224 4 7 10 22 4 71022 
4 8 923 4 8 921 4 81213 4 81213 4 81519 4 81421 
4 121618 4 101419 4 1119 21 4 111920 4 1112 17 4 1112 1e 
4 131724 4151624 4 141718 4 1416 17 41418 25 415172: 
57924 5 7 919 5 82223 5 82223 5 81122 5 8 112: 
5 81219 5 812 24 5 91014 5 91014 5 91320 5 9151s 
5 101617 5 1115 20 5121920 512 2021 5 1012 18 5 10 12 1: 
5 141822 5 131722 5 151618 5 15 1718 5 1516 25 5 13 182: 
6 7822 6 7820 6 71115 6 71115 6 71421 6 7 13 2( 
6 91020 6 91022 6 92324 6 92324 6 91222 6 912 2: 
6 111718 6 121321 6102021 6 101921 6101116 6 10 1112 
61516 23 614 18 23 6 1316 17 6 131618 6131725 61416 2: 
7 1013 25 71013 25 7 816 20 7 81621 7 8 924 78 924 
7141620 7161721 7 91819 7 91820 712 15 20 712 141s 
8 1114 25 8 1114 25 7101325 710 13 25 71318 23 7 15 16 2: 
8151721 8 171819 8 91721 8 91719 8 101321 8 1015 20 
9 1215 25 91215 25 8 111425 8 1114 25 8 141623 8 13172: 
9 131819 916 1820 91215 25 912 15 25 9 111419 91113 21 
101115 19 10111724 10111722 101117 24 9151723 9 14 182: 
1012 14 21 1012 16 23 1012 1624 1012 16 23 101719 24 1016 2124 
1112 13 20 1112 18 22 1112 18 23 1112 18 22 11182024 1117 1924 
132122 23 13142024 13 1419 24 1314 20 24 12 162124 12 18 2024 
1419 2324 1315 19 23 1315 2123 1315 19 2.3 1316 19 22 1316 19 2: 
15202224 1415 2122 1415 2022 1415 2122 14172022 1417202: 
16192225 16 1922 25 16192225 16192225 15 182122 15 18 212; 
172023 25 172023 25 172023 25 1720 23 25 1920 2125 1920212E 
182124 25 18 2124 25 18212425 18 2124 25 22232425 22 2324 2: 
1 
Up to relabeling we can assume that the fixed blocks are: {1,2,13,14}, 
{3,4,15,16}, {5,6,17,18}, {7,8,19,20}, {9,10,21,22}, {11,12,23,24}. We 
distinguish three cases regarding the way y relates to the blocks containing the 
point 25. 
Case A. 
Our design has the blocks {1,3,5,25}, {7,9,11,25}, {13,15,17,25}, and 
{19,21,23,25}. In this case there arise 21 tactical decompositions but only AZ, 
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produces a design, namely the S(2, 4, 25) with automorphism group of order 504 
(see Table 2). 
Case B. 
Here B contains {1,3,5,25}, {7,9,11,25}, {13,15,19,25}, and {17,21,23,25}. 
There are 19 tactical decompositions here but none leads to an S(2,4, 25) with 
automorphism y. Even though no designs arise here Table 2 lists tactical 
decomposition B1 as an example of this case. 
Case C. 
In this case B contains {1,3,5,25}, {7,13,21,25}, {9,15,23,25}, and 
{ 11,17,19,25}. There are 25 tactical decompositions here but none of these gives 
rise to an S(2, 4, 25) with automorphism y. Table 2 lists C1 as an example of a 
tactical decomposition for Case C. 
Now consider the automorphism: 
(12)(3 4)(5 6)(7 8)(9 lO)(ll 12)(13 14)(15 16)(17 18)(19 20)(21)(22)(23)(24)(25). 
There are two cases for 6 related to the way the fixed points {21,22,23,24,25} 
are distributed among the fixed blocks as follows: 
Case D. 
In this case our design has the fixed blocks {21,22,1,2}, {21,23,3,4}, 
{21,24,5,6}, {21,25,7, S}, {22,23,9, lo}, {22,24,11,12}, {22,25,13,14}, 
{23,24,15,16}, {23,25,17,18}, and {24,25,19,20}. In other words, the fixed 
points of 6 form an arc (see Section 7). There are 45 tactical decompositons here 
with designs arising from D19, and Dzl with groups of orders 150 and 6 
respectively. 
Interestingly enough, in cases D1,, D32, Dh1, and Oh5 there are partial solutions 
to the tactical decompositions which yield each time 20 blocks of size 3 and 20 of 
size 4. We have checked however that there is no way of completing these partial 
designs to S(2, 4, 25)‘s by adding 5 points and 10 blocks. 
Case E. 
In this case our design has as fixed blocks {21,22,23,24}, {21,25,1,2}, 
{22,25,3,4}, {23,25,5,6} and {24,25,7, S}, i.e. four out of the five fixed points 
lie on a block. There arise 3 tactical decompositions here, but none leads to an 
S(2, 4, 25). We list El in Table 2 as an example of this case. 
6. Transformation 
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of designs 
Given an S(2,4, 25) it is sometimes possible to obtain a non-isomorphic system 
with the same parameters by transforming a selected subset of blocks. In order to 
describe such a transformation we require some definitions. 
Let B E B be a block of an S(2, 4, 25) system (X, B) and denote by S, all 
blocks in B which have no point in common with B. Note that S, is a symmetric 
configuration (l-design) with v = b = 21 and k = r = 4. We associate with S, a 
graph Gs as follows. The vertices of G, are the points of S,, two vertices are 
adjacent if the corresponding points are not collinear in S, (do not appear in the 
same block). Clearly GB has 21 vertices and is regular of valency 8. We say that 
GB has a triangulation T if the 84 edges of Gs can be partitioned into 28 triangles. 
T is called resolvable if its triangles can be partitioned into 4 parallel classes each 
of 7 disjoint triangles. A resolution of T will be denoted by TR. Suppose that for 
some S, we know a resolution TR of Gu. Then adding a new point xi to every 
triangle in the ith parallel class, i = 1, . . . , 4, we obtain 28 blocks of size 4 on 25 
points. Adding a new block {xi, x2, x3, x4} and the blocks in S, we obtain an 
S(2,4,25). Since S, is symmetric we can consider its dual S”, and the 
corresponding Gi and repeat the procedure. 
We are now in a position to describe the transformations TB and Tg of a design 
(X, B) with respect to a block B E B. 
TB: Find all resolutions TR of Gu and complete each to a system. 
Tg: Find all resolutions TR of Gg and complete each to a system. 
We note that TB and T& B E B, generate sets &,, Z”, of system S(2, 4, 25). 
From the construction it follows that (&I 3 1, since &, always contains the 
original system (X, B). 
We have applied the transformations TB, Tg to all 16 systems with non-trivial 
I 
Fig. 1. 
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automorphism groups. For each design we consider a representative from every 
orbit of blocks. The results are summarized in the transformation graph of Fig. 1. 
Two designs are connected by a line (broken line) if one can be obtained from the 
other by T”, (TB) for some B E B. The graph has 9 connected components, each 
representing an equivalence class of designs under the transformations TB, Tdg. 
The transformation Ts has been used by Petrenyuk [16, 171 to obtain from the 
previously known designs 1, 2, 6 and 7, in our numbering, the designs 3, 4, 5 and 
8. The same approach in a different setting has been applied by Gropp [8] to 
obtain Design No. 3, with a group of order 9. He also traces the origins of 
transformations based on symmetric configurations to the nineteenth century 
Italian geometers. 
7. Subdesigns, parallel classes and near-resolutions 
In this section we investigate the possible embedding of subdesigns in our 
S(2, 4, 25) systems. A subdesign is understood to be a substructure in the usual 
sense. Thus, an S(2, I, w) system (Y, D) is a subdesign of an S(2, k, v) system 
(X, B), if Y c X, and each D E D is contained in a block B E B. Points of Y are 
called interior, while those of X - Y exterior. We let b = JBJ, r = bklv and denote 
by Bj the collection of all blocks of (X, B) which intersect Y in exactly i points. 
Easy counting yields the following 
Lemma 7.1. Suppose that (Y, D) is an S(2, I, w) subdesign of an S(2, k, v) design 
(X, B). Let ui be the number of blocks on an exterior point which intersect Y in i 
points, Vi the number of blocks on an interior point which intersect Y in i points, 
and let ti = ) Bi 1, then 
t,, + t, + t, = 6, tI + 1. tr = rw, l(l - 1) . t, = w(w - l), 
uO+uI+u,=r, u, + 1. u, = w, v,+vr=r, and (I - l)v, = w - 1. 
Proposition 7.2. If (Y, D) . ts an S(2, I, w) subdesign of an S(2, 4, 25) and if 12 3 
then (Y, D) is a Fano plane S(2, 3, 7). 
Proof. Suppose that (Y, D) is an S(2, I, w) subsystem occurring in an S(2, 4, 25) 
system (X, B). In the case where I= k = 4 an inequality of Wilson’s requires that 
w s r = 8. This rules out the possibility of non-trivial subsystems S(2, 4, w) in an 
S(2, 4, 25). When 1= 3 we have that to+ t, + t3 =50, t, +3t3 = 8w, and 6t,= 
w(w - 1). Thus, tI 20 implies that w s 17 and since w E {7,9, 13, 15, 21}, we 
have that w < 15. On the other hand, to 2 0 implies w s 9 or w 2 15. Case w = 15 
is ruled out by de Resmini [6], Proposition 4. Alternatively, the existence of a 
subsystem S(2, 3, 15) would imply u0 = 0, u1 + u3 = 8, and u, + 3u3 = 15. Hence, 
2u3 = 7, a contradiction. If w = 9, then to = 2, t, = 36, and t3 = 12. From Lemma 
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7.1 we get (ui + 3~~) - (uO + ui + ug) = 1, that is 2u3 = 1 + uO. Therefore, since 
u0 c to = 2, we have that u0 = u3 = 1, that is, through each exterior point there is 
one block of BO. This is a contradiction since there are altogether to = 2 exterior 
blocks covering 7 or 8 points of X - Y, while IX - Y] = 25 - 9 = 16. 0 
There remains to investigate whether S(2, 3, 7) systems occur in our 16 
S(2, 4, 25) designs. A complete search through each of the 16 designs establishes 
that embedded Fano planes are found in eleven out of the sixteen. We 
acknowledge J. DiPaola for bringing to our attention the existence of some 
embedded Fano planes. The number of Fano planes in each of the 16 designs is 
given in Table 7, together with other structural information. These Fano planes 
break up into orbits under the action of the automorphism group of each design. 
The number of orbits, orbit representatives and orbit lengths is presented in 
Section 8. 
It is of interest to investigate further the existence of certain subdesigns with 
I = 2. By an s-arc, or simply an arc, we mean a collection Y of s points of X no 
three of which are collinear in (X, B). An arc can then be viewed as a subdesign 
(Y, D) of (X, B) where D is the collection of all pairs of Y. An arc Y is called 
complete if no point of X - Y can be adjoined to Y to obtain a larger arc. A block 
B of (X, B) is a secant (tangent) of arc Y if it intersects Y in two (one) points. 
Clearly, Y is a complete arc in (X, B) if and only if each point of X lies on at least 
one secant of Y. An arc of maximum possible size is called an oval if there is 
exactly one tangent to the arc at each of its points; it is called a hyperovul if it has 
no tangents. Any arc of maximum possible size is of course complete. Using 
Lemma 7.1, it is easy to verify that the size of a complete arc cannot exceed 8, 
moreover, the same equations imply that any g-arc might be an oval. Ovals occur 
in each of our sixteen S(2, 4, 25) designs except for Design 7, and their number is 
presented in Table 7. We present orbit representatives and orbit lengths of ovals 
in Section 8. 
Complete 5-arcs occur in all of our S(2, 4, 25) designs with the exception of 
Design 10. The number of complete 5-arcs appear in Table 7. The number of 
orbit representatives, orbit lengths and the maximum number of mutually disjoint 
complete 5-arcs is given in Section 8. It is noteworthy that in the case of Design 6, 
there are two orbits of complete 5-arcs, one of size 15 and the other of size 75. 
The 15 arcs in the first orbit are partitioned into three sets of five mutually 
disjoint complete arcs. These three sets are carried into one another by an 
automorphism of order 3. One of these sets consists of the arcs {1,2,3,4,5}, 
{6,7,8,9, lo},. . . , {21,22,23,24,25}. We wish to thank Marialuisa de Resmini 
for bringing this interesting fact to our attention, as well as for other helpful 
discussions and comments related to this section. In her paper [7] she is interested 
in the existence of complete 5-arcs embedded in S(2, 4, 25) designs, and this 
question has been answered here. 
Two distinct blocks of a design (X, B) are said to be purullel if they are 
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disjoint. The maximal number of mutually parallel blocks in an S(2, 4, 25) is six 
and such a set of blocks is called a parallel class. In Table 7 we give the number of 
parallel classes in each of our 16 designs and in Section 8 we display the orbit 
representatives and orbit lengths for all parallel classes in each of our designs. If 
we remove a point x together with the eight blocks through X, we say that we 
have a near-resolufion if the remaining 42 blocks partition into seven parallel 
classes. We thank Frank Bennett for suggesting that we look for possible 
near-resolutions in our designs. Near-resolutions exist only for Design 1, where 
there are exactly 11 such near-solutions occurring only with the special point 25. 
These 11 fall into orbits of lengths 1, 7 and 3 under the full automorphism group 
of the design. In Table 6 the near-resolution No. 1 constitutes the orbit of length 
1; the near-resolution No. 2 is a representative of the orbit of size 7; and the 
near-resolutions 3, 4, 5 constitute the orbit of size 3. 
Two near-resolutions n, = {P,, . . . , P,}, N2 = {Q,, . . . , Q7}, where each P: 
and Q, is a parallel class, are said to be orthogonal if lPj II Qjl< 1 for all i, j. 
Near-resolutions 3, 4, and 5 are in fact mutually orthogonal. From these three 
orthogonal near-resolutions one can construct the unique elliptic semiplane on 45 
Table 6 
1 2 3 19 
2 24 10 9 
24 12 20 7 
12 a 1 23 
8 18 2 17 
18 19 24 4 
19 9 12 14 
1 2 3 19 
2 24 10 9 
24 12 20 7 
1 7 16 17 
8 18 2 17 
1 8 12 23 
1 13 18 20 
1 2 3 19 
1 4 10 11 
1 6 14 22 
1 8 12 23 
1 13 18 20 
1 7 16 17 
1 15 21 24 
2 3 1 19 
2 5 11 12 
2 4 15 23 
2 9 10 24 
2 14 16 20 
2 a 17 18 
2 13 21 22 
3 1 2 19 
3 6 12 10 
3 5 13 24 
3 7 11 22 
3 15 17 20 
3 9 18 16 
3 14 21 23 
Some Near-Resolu ti 
m 
13 20 1 18 ( 5 17 21 10 
4 5 62017 8 921 
2 13 21 22 3 9 16 18 
2 9 10 24 3 7 11 22 
2 4 15 23 1 3 5 13 24 
2 14 16 20 1 3 6 10 12 
5 8 14 15 1 6 11 18 21 
3 9 18 16 1 15 21 24 
3 6 12 10 1 13 18 20 
3 14 21 23 1 7 17 16 
3 7 11 22 1 8 12 23 
3 5 13 24 1 6 14 22 
3 15 17 20 1 4 11 10 
6 9 15 13 4 12 16 21 
1 7 16 17 2 13 21 22 
1 4 10 11 2 14 16 20 
1 15 21 24 2 8 18 17 
1 8 12 23 2 9 10 24 
1 6 14 22 2 4 15 23 
1 13 18 20 2 5 12 11 
ns for Desi n 1 
10 13 16 23 11 14 17 24 
20 3 15 17 16 21 4 12 ---I- 1 10 11 4 15 5 14 8 2 20 16 14 11 6 21 18 24 1 15 21 16 22 5 19 12 2 11 5 15 13 6 9 
8 24 16 6 1 11 3 22 7 
10 13 16 23 ( 11 14 17 24 
20 3 15 17 16 21 4 12 8 11 19 13 
1 10 11 4 15 5 14 8 18 16 9 3 
6 11 18 21 8 10 20 22 9 12 14 19 
24 1 15 21 16 22 5 19 9 11 23 20 
4 18 19 24 5 10 17 21 6 9 13 15 
4 9 17 22 6 8 16 24 7 10 15 19 
6 8 16 24 9 11 20 23 12 15 18 22 
5 16 19 22 6 9 13 15 7 12 20 24 
4 18 19 24 7 8 9 21 10 13 16 23 
4 5 6 20 7 10 15 19 11 14 17 24 
4 12 16 21 5 8 14 15 6 17 19 23 
6 11 18 21 8 10 20 22 9 12 14 19 
4 9 17 22 5 7 18 23 8 11 13 19 
4 9 17 22 7 12 20 24 10 13 16 23 
6 17 19 23 4 7 14 13 8 10 20 22 
5 16 19 22 8 9 7 21 11 14 17 24 
5 6 4 20 8 11 13 19 12 15 18 22 
5 10 17 21 6 9 15 13 4 18 19 24 
4 12 16 21 9 11 20 23 7 10 15 19 
5 7 18 23 6 8 16 24 9 12 14 19 
5 7 18 23 8 10 20 22 11 14 17 24 
4 18 19 24 5 8 15 14 9 11 20 23 
6 17 19 23 9 7 8 21 12 15 18 22 
6 4 5 20 9 12 14 19 10 13 16 23 
6 11 18 21 4 7 13 14 5 16 19 22 
5 10 17 21 7 12 20 24 8 11 13 19 
6 8 16 24 4 9 17 22 7 10 15 19 
8 11 19 13 
18 16 9 3 
19 15 7 10 
9 11 23 20 
7 16 17 1 
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points with block size 7 first discovered by Baker [l]. This provides an interesting 
connection between the S(2, 4, 25) Design 1 and an elliptic semiplane. We refer 
the reader to the paper by Lamken and Vanstone [13] for details of the 
construction. 
8. Designs, their groups, and other invariants 
We presently display the 16 designs and various invariants. For each of the 
sixteen S(2, 4, 25) designs, we present generators of the corresponding auto- 
morphism group G, representatives of the block orbits under the action of G, and 
orbit lengths. A block orbit is presented in the form [12 3 1914’ where {1,2,3,19} 
is a design block representative of an orbit of length 42. In a similar fashion we 
exhibit the orbits of Fano subdesigns by exhibiting the point sets of orbit 
representative Fano planes and corresponding orbit lengths. We also display 
orbits of ovals, complete 5-arcs and orbits of parallel classes of blocks. Here, 
{1,23,36,43,45,48} ’ indicates that blocks with indices 1,23, . . . ,48 form a 
parallel class which is moved into a G-orbit of 7 parallel classes. 
Although we have computed the block-graph invariants for each of the 16 
designs, because of the bulk of the data involved we are not displaying this 
information here. It is worth noticing however that the sixteen designs are 
discriminated by means of their block-graph invariants. We begin by listing the 
union of generators of the automorphism groups. 
a = (1 2 3)(4 5 6)(78 9)(10 1112)(13 14 15)(16 17 18)(19 20 21) (22 23 24)(25) 
p = (12 3)(4 5 6)(7 8 9)(10 11 12)(13 14 15)(16 17 18)(19 20 21) (22)(23)(24)(25) 
& = (1 2 3)(4 5 6) (7 8 9)(10 1112) (13 14 15)(16 17 18) (19)(20)(21)(22 23 24)(25) 
fi = (14 7)(2 5 8) (3 6 9)(10 13 16) (1114 17)(12 15 18) (19 20 21)(22)(23)(24)(25) 
yI = (12 24 12 8 18 19 9 7 23 17 4 14 21 5 6 22 13 3 10 20)(1116 15)(25) 
y2 = (1 2113 18 4 15 2 5 19 17 10 8 16 6 9 20 12 14 3 11 7)(22 23 24)(25) 
+y3 = (1 23)(2 24)(3 25)(4 21)(5 22)(6 17)(7 18)(8 19)(9 20)(10 16)(11)(12)(13)(14)(15) 
y4 = (1 25 5)(2 19 10)(3 13 15)(4 7 20)(6 2124)(8 14 9)(11 22 18)(12 16 23)(17) 
-y5 = (1 2 3 4 5 6 7)(8 9 10 1112 13 14)(15 16 17 18 19 20 21)(22)(23)(24)(25) 
,ys = (1 2 4)(3 6 5)(7)(8 9 ll)(lO 13 12)(14)(15 16 18)(17 20 19)(21)(22 23 24)(25) 
-y,= (1 20 16)(2 10 3)(5 17 18)(4 19 22)(6 9 25)(11 15 14)(7 21 12)(8 13 24)(23) 
-ys = (1)(2 18)(3 5)(4 22)(6 15)(7)(8 24)fQ ll)(lO 17)(12 21)(13)(14 25)(16 20)(19)(23) 
Design 1. H=(&,~)~G=(&yl), /GI=7.8.9=504. it should be remarked 
that the automorphism group G above is isomorphic to Z, X PSL,(7). 
Design 2. R = <&qb 5 G = <&,T2>, 1 G 1 = 7-9 = 63. 
Block Orbits 1 [l 2 3 lQ]‘l ; [I 4 7 221” ; 119 20 21 251’ ; [22 23 24 251’ ; 
Fano Pkznes 1 (1 2 3 16 17 lg 201’ ; [I 2 6 7 10 19 22]= 
Ovals 1 [l 2 5 6 12 15 16 171” ; [l 2 6 9 12 13 22 23]= 
Compfc6e 5--arcs 1 [I 2 15 17 251” ; [I 6 13 22 241” 
Parcrfief Chsses 1 None 
Design 3. G = <&,/?I>, 1 G 1 = 9, 
Block Orbits 11 6 10 111’ ; I1 12 13 231’ ; /l 14 16 ZO]” ; {l 15 21 
[l 2 3 191’ ; /I 4 7 2213 ; 11 5 9 251s ; [IO 13 16 251s ; 
irs 20 21 251’ : 122 23 24 251’ 
Fano Planes ‘[I 2 3 16 li l&O]3 ’ 
Ovals [l 2 4 5 10 13 15 181’ ; [lo If. 12 13 14 15 20 21j3 
Complete &arcs [lo 11 12 20 2q3 
\ 
Parallel Classes [ {2,10,21,33,43,47}’ 
Design 4. G = <&,$,, 1 G 1 = 9. 
Design 5. G = <&,p>, 1 G 1 = 9. 
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Design 6. G = <ys,yk>, ( G [ = 203.25 = 150, 
Block Orbits [l 2 6 25j2s;[1 3 11 19]25 
Fan0 Planes None 
Ovals [1 
Complete 5-arcs [l 2 3 4 51’5 ; [l 2 9 10 20]‘6 
Parallel Classes (1,17,36,41,43,46}25 
[l 9 17 221 $1 2 4 141 ; 11; 15 251 ; [l 18 20 211 ; 
~~ 
Design 8. G = <yr,ys>, / G / = 6. 
Design 9, G = <a>, 1 G 1 = 3. 
Block Orbits 
Fano Planes 
Ovals 
Complete 5-arcs 
Paruilel Classes 
[l 4 16 2413 ; [l 5 12 2113 ; [l 6 13 2213 ; [l 7 14 15j3 ; 
[l 8 17 181’ ; [l 9 19 201’ ; [l 10 11 2313 ; (4 7 12 1913 ; 
[4 8 9 221’ ; [4 10 15 1813 ; [4 13 17 211” ; [7 10 13 2513 ; 
[7 11 18 22j3 ; (10 14 16 2113 ; 113 19 23 24]3 ; I16 19 22 25j3 ; 
[I 2 3 251’ ; [4 5 6 251’ 
None 
[4 5 10 11 19 21 22 24j5 [7 8 10 14 17 19 22 231’ ; 
[l 2 4 17 19j3 ; [13 16 19 20 21j3 
{2,13,22,31,33,49j3 
1 
Design 10, G = <a>, j G 1 = 3. 
Block Orbits [l 
11 
4 20 24j3 [l 5 11 23j3 11 6 14 21j3 ; ; ; 
8 12 161’ ; [l 9 13 221’ ; [l 10 18 191’ 
[1 7 171’ 15 ; 
[4 
[7 
8 9 23j3 ; [4 11 12 13)’ ; 14 14 17 1813 
; [4 7 16 211’ ; 
12 19 201’ ; I10 16 23 241’ ; [13 15 21 
; [7 10 13 25j3 ; 
[l 2 3 251’ ; j4 5 6 251’ 
231’ ; 19 22 [16 251’ ; 
Fano Planes [l 5 10 12 16 18 231’ 
Ovals [l 2 9 11 14 15 18 2413 [1 4 8 11 ; 15 18 21 ; [l 6 8 221’ 13 15 19 20 
[4 5 9 12 16 17 20 221’ ; [lo 11 13 14 16 18 21 221% 
2513 ; 
Complete ~-WCS None 
Parallel Classes None 
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Design 11, G=<a>, IG/ =3 
Block Orbits [l 4 19 201' [l 5 11 231' [l 6 13 1413 ; ; ; 
11 8 10 2413 ; [l 9 16 21j3 ; [l 12 17 221' 
[I 7 15 1813 ; 
14 8 9 23)' ; [4 12 16 1813 ; [4 13 17 241' 
; (4 7 11 2113 ; 
[7 14 16 20]' ; [lo 12 14 2113 ; 113 21 22 
; [7 10 13 2513 ; 
[l 2 3 251' ; [4 5 6 251' 
2313 ; [16 19 22 25j3 ; 
Fano Planes None 
Ovals [12 4 5 9 10 12 13]';[1 2 4 7 16 22 23 2413;[15 8 9 13 20 22 
[7 12 13 15 16 19 21241s 
2513; 
Complete ~-WCS [l 6 12 15 1913 
Parallel Classes {3,11,16,37,39,4i)’ 
Design 12, G = <a>, /G / = 3. 
Block Orbits [l 4 20 221s ; [l 5 10 181' ; [l 6 15 1713 ; [l 7 12 14j3 ; 
[l 8 13 161' ; [l 9 23 241' ; [1 11 19 211s ; [4 7 11 2313 ; 
[4 8 9 211' ; [4 10 14 191' ; 14 15 16 241' ; 17 10 13 25j3 ; 
[7 16 17 211' ; [lo 12 16 231' ; 113 15 19 231' ; 116 19 22 2513 ; 
[l 2 3 251'; [4 5 6 251' 
Fano Planes None 
Ovals [12 5 6 8 14 19 22]';[12 79 13 15 20 2113;[12 10 1113 14 22 2313 
[18 1012 17 2122 25]';[18 12 15 18 20 21231' 
Complete S-arcs [7 15 20 22 251’ 
Parallel Classes None 
Design 13, G =<a>, jG/ =3. 
Block Orbits [l 4 16 231' ; [l 5 7 211' ; [l 6 12 1413 ; [l 8 10 1813 ; 
[l 9 13 221' ; [l 11 20 241' ; [l 15 17 191s ; [4 7 22 241' ; 
[4 8 12 131' ; [4 11 19 211' ; [4 14 17 181s ; [7 8 16 201' ; 
[7 10 13 251' ; [lo 11 17 221' ; [13 14 19 241s ; 116 19 22 25j3 ; 
[l 2 3 251' ; [4 5 6 251' 
Fano Planes [12 3 7 12 14 2113 
Ovals [12 5 11 14 18 19 221' ; [l 7 8 12 19 23 24 2513 ; [l 7 9 14 16 17 24 2513 ; 
[7 8 10 12 14 15 19 211' 
Complete 5-arcs [l 7 9 12 161' 
Parallel Classes None 
Design 14, G = <cY>, lG[ =3. 
Block Orbits [l 4 18 231' ; [l 5 7 1913 ; [l 6 12 141' ; [l 8 15 2413 ; 
[l 9 11 161' ; [l 10 20 221' ; [l 13 17 211' ; [4 7 22 2413 ; 
[4 8 12 131s ;
10 13 251' 
14 11 19 2013 ; [4 14 16 1713 ; [7 8 16 2113 ; 
17 ; IlO 11 17 24j3 ; 113 14 20 241' ; 116 19 22 251' ; 
11 2 3 251" f [i ii 6 251' ’ ’ . . 
Fano Planes 112 3 7 12 1419j3 
Ovals [4 5 1112 14 15 23 2413;[4 8 9 10 16 20 24 2513; [7 8 10 12 14 15 19 2013 
Complete 5-arcs [l 12 13 19 221' ; [4 15 20 24 2513 
Steiner system S(2,4,25) 
Design 15, G = <p>, /G j = 3. 
Design 16, G =<p>, JG( =3. 
I= Table 7 
Summary of Pro! xx-ties of the 16 Designs 
>ESIGN /G/ 
NO. 
1 504 
2 63 
3 9 
4 9 
5 9 
6 150 
7 21 
8 6 
9 3 
10 3 
11 3 
12 3 
13 3 
14 3 
15 3 
16 3 - 
NO. FAN0 
PLANES 
24 
24 
3 
12 
3 
0 
3 
0 
0 
3 
0 
0 
3 
3 
3 
3 
9. Concluding remarks 
L 
V‘,. OVALS 
42 
42 
12 
21 
3 
75 
0 
27 
6 
15 
12 
15 
12 
9 
3 
9 
NO. COMPLETE 
5-ARCS 
42 
42 
3 
3 
3 
90 
7 
15 
6 
0 
3 
3 
3 
6 
4 
7 
MAX. NO. DISJOINT NO. PARALLEI 
:OMPLETE S-ARCS CLASSES 
1 
2 
1 
1 
1 
5 
1 
3 
1 
0 
3 
1 
1 
4 
1 
2 
28 
0 
3 
3 
1 
25 
0 
9 
3 
0 
1 
0 
0 
0 
0 
0 
i 
1.55 
The above analysis establishes that there are precisely 16 pairwise non- 
isomorphic Steiner systems S(2, 4, 25)‘s with a nontrivial automorphism group, 
and provides us with a number of invariant substructures which discriminate the 
16 designs. For convenience we present in Table 7 a summary of properties of the 
16 5(2, 4, 2.5)‘s with non-trivial automorphism group. 
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For emphasis we state: 
Theorem 9.1. There are exactly 16 nob-~omorphic Steiner systems S(2, 4, 25) 
with non-triu~a~ automorphism group. Each such design has an automorphism of 
order 3. These designs are dis~nguished from one another either by the 
substructures summarized in Table 7, or by their block-graph invariants. 
An immediate problem is suggested: 
Problem 1. Determine if there are any, or find all, S(2, 4, 25)‘s with identity 
automorphism group. 
Another natural question concerns the extendability of each of our 16 
S(2, 4, 25)‘s. A single extension would yield an S(3, 5, 26) and such a design was 
first given by Hanani [lo]. The group of this S(3, 5, 26) is transitive on the 26 
points so a quick check establishes that all derived S(2, 4, 25)‘s of Hanani’s design 
are isomorphic to Design 1. Also, Denniston [S] has constructed an S(5, 7, 28) 
which would be a triple extension of some S(2, 4, 25). Since Denniston’s design 
has PSL,(27) as its automorphism group, acting as a 3-homogeneous group on 
the 28 points, all doubly derived S(3, 5, 26) designs are isomorphic. In fact these 
designs are isomorphic to Hanani’s S(3, 5, 26). Thus, the triply derived 
S(2, 4, 25)‘s from Denniston’s design are all isomorphic to Design 1. 
The necessary arithmetic conditions for an S(8, 10, 31) are satisfied so it is 
theoretically possible that some S(2, 4, 25) could extend 6 times. We state: 
Problem 2. How far does any given S(2,4,25) extend? 
Note added in proof. The chromatic index of a design is the smallest number of 
colors needed to coIor the points so that no blocks are monochromatic. Kevin 
Phelps has determined that Design 9 and Design 10 have chromatic index 2. The 
other fourteen designs in our list have chromatic index 3. 
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